In this paper, by using critical point theory, we obtain some new sufficient conditions on the existence and multiplicity of periodic and subharmonic solutions to a 2nth-order nonlinear difference equation containing both advance and retardation with φ-Laplacian. Some previous results have been generalized.
Introduction
Let N , Z, and R denote the sets of all natural numbers, integers and real numbers, respectively. For a, b ∈ Z, define Z(a) = {a, a + , . . .}, Z(a, b) = {a, a + , . . . , b} when a ≤ b. · tr denotes the transpose of a vector.
Consider the following nth-order difference equation containing both advance and retardation with φ-Laplacian of the type:
where n ∈ Z, is forward difference operator defined by u k = u k+ -u k , n u k = ( n- u k ), φ ∈ C(R, R) satisfied φ() = , f ∈ C(Z × R  , R), r k >  for each k ∈ Z, {r k } and {f (k, v  , v  , v  )} are T-periodic in k and T is a given positive integer.
In this paper, given positive integer m, we will study the existence of mT -periodic solutions for (.). As usual, such a mT -periodic solution will be called a subharmonic solution.
We may think of (.) as a discrete analog of the following nth-order functional differential equation: the following forward and backward differential difference equation:
For the case where
has studied the existence of positive solutions of the equation
For the case where φ(x) = |x| p- x, p > , n = , Agarwal, Lu, and O'Regan [] have studied the existence of positive solutions of the equation
For the case where φ(x) = x √ +x  , n = , Bonheure and Habets [] have studied classical and non-classical solutions of a prescribed curvature equation
In recent years, many authors have studied the existence of periodic solutions of difference equations. To mention a few, see [-] for second-order difference equations and [, ] for higher-order equations. Since , critical point theory has been employed to establish sufficient conditions on the existence of periodic solutions of difference equations. By using the critical point theory, Guo and Yu [-] and Zhou et al. [] established sufficient conditions on the existence of periodic solutions of second-order nonlinear difference equations. In , by using the Linking Theorem, Cai and Yu [] obtained some criteria for the existence of periodic solutions of the following equation:
for the case where f grows superlinearly at both  and ∞, where n ∈ Z(). 
where n ∈ N , ϕ p is the p-Laplacian operator given by ϕ p (u) = |u| p- u ( < p < ∞) and where f satisfies some growth conditions near both  and ∞. In , Mawhin [] considered T-periodic solutions of systems of difference equations of the form 
Preliminaries
Throughout this paper, we assume that,
In this section, we first establish the variational setting associated with (.). Let S be the set of all two-sided sequences, that is,
Then S is a vector space with au
For any fixed positive integer m and T, we define the subspace E m of S as
Obviously, E m is isomorphic to R mT and hence E m can be equipped with the inner product (·, ·) and norm · as
On the other hand, we define the norm · q on E m as follows:
for all u ∈ E m and q ≥ . By Hölder' inequality and Jensen' inequality, we have
Therefore,
Clearly, u = u  . For all u ∈ E m , define the functional J on E m as follows:
is the primitive function of φ(u).
, we can compute the partial derivative as
Thus, u is a critical point of J on E m if and only if
Due to the periodicity of u = {u k } k∈Z ∈ E m and f (k, v  , v  , v  ) in the first variable k, we reduce the existence of periodic solutions of (.) to the existence of critical points of J on E m . http://www.advancesindifferenceequations.com/content/2014/1/74
Let M be the mT × mT matrix defined by
By matrix theory, we see that the eigenvalues of M are
For convenience, we identify u ∈ E m with u = (u  , u  , . . . , u mT ) tr . Let 
Main results
Let r = min
Here we give some conditions.
(  ) There exist constants  > , a  >  and μ ≥  such that
(F  ) There exist constants  > , a  >  and θ ≥  such that
(H ,s ) μ = θ = s and
Remark . By (  ) it is easy to see that there exists a constant c  >  such that
Remark . By (F  ) it is easy to see that there exists a constant c  >  such that
Remark . The p-Laplacian operator given by ϕ p (u) = |u| p- u ( < p < ∞), the curvaturetype operator given by φ q (u) = |u| q- u √ +|u| q ( ≤ q < ∞) and the identity operator given by φ I (u) = u satisfy (  ) and (  ).
Our main results are as follows. Corollary . Assume that (F  ) and the following conditions are satisfied.
(F  ) There exist constants δ  >  and ϑ > ν such that
Then for any given positive integer m, (.) has at least three mT-periodic solutions. Proof By (.), (.), (.), and (.), for any u ∈ E m , we have
The proof of Lemma . is complete.
Remark . The case mT =  is trivial. For the case mT = , M has a different form, namely,
However, in this special case, the argument need not be changed and we omit it.
Lemma . Assume that (  ), (F  ), (F  ), and (H ,p ) are satisfied. Then the functional J satisfies the P. S. condition in E m .
Proof Let {u (j) } be a P. S. sequence, then there exists a positive constant M  such that
By (.), it is easy to see that
Since ϑ > ν, it is not difficult to see that {u (j) } is a bounded sequence in E m . As a consequence, {u (j) } possesses a convergence subsequence in E m . Thus the P. S. condition is verified.
Lemma . Assume that (  ), (F  ), (F  ), and (H ,p ) are satisfied. Then the functional J is bounded from above in E m .
Proof Similar to the proof of Lemma ., we have
The proof of Lemma . is complete.
Lemma . Assume that (  ), (F  ), (F  ), and (H ,p ) are satisfied. Then the functional J satisfies the P. S. condition in E m .
Proof Let {u (j) } be a P. S. sequence, then there exists a positive constant M  such that
By (.), it is easy to see that
< , we know that {u (j) } is a bounded sequence in E m . As a consequence, {u (j) } possesses a convergence subsequence in E m . Thus the P. S. condition is verified.
Proof of Theorem . Assumptions (F  ) and (F  ) imply that F(k, ) =  and f (k, ) =  for k ∈ Z. Adding φ() = , then u =  is a trivial mT -periodic solution of (.). By Lemma . or Lemma ., J is bounded from above on E m . We define α  = sup u∈E m J(u). Equation (.) implies lim u →∞ J(u) = -∞. This means that -J is coercive. By the continuity of J, there exists u ∈ E m such that J(u) = α  . Clearly, u is a critical point of J.
Case . Assume that (H ,s ) and (H ,p ) are satisfied. We claim that α  > . Let
By (  ), (F  ), and (H ,s ), for any u ∈ E m , u ≤ ρ, we have
, we have also proved that J satisfies the condition (J  ) of the Linking Theorem. For all u ∈ E m , we have
Thus, the critical point u of J corresponding to the critical value α  is a nontrivial mTperiodic solution of (.). In the following, we will verify the condition (J  ). Take e ∈ ∂B  ∩ E m , for any z ∈ E m and r > , let u = re + z. Then
where y = ( n- e  , n- e  , . . . , n- e mT ) tr . http://www.advancesindifferenceequations.com/content/2014/1/74
. We have lim t→+∞ g  (t) = -∞ and lim t→+∞ g  (t) = -∞, and g  (t), g  (t) are bounded from above, and J(z) ≤  for z ∈ E m . Thus there exists a constant R  > ρ such that J| ∂Q ≤  where
Case . Assume that (H ,s ) and (H ,p ) are satisfied. We claim that α  > .
By (H ,s ), (  ), and (F  ), for any u ∈ E m , u ≤ ρ, we have Thus, the critical point u of J corresponding to the critical value α  is a nontrivial mTperiodic solution of (.). In the following, we will verify the condition (J  ). Take e ∈ ∂B  ∩ E m , for any z ∈ E m and r > , let u = re + z. Then we have
